Abstract. Let f be a diffeomorphism of a compact C ∞ manifold, and let p be a hyperbolic periodic point of f . In this paper we introduce the notion of C 1 -stable expansivity for a closed f -invariant set, and prove that (i) the chain recurrent set R(f ) of f is C 1 -stably expansive if and only if f satisfies both Axiom A and no-cycle condition, (ii) the homoclinic class H f
Introduction
It has been a problem in differentiable dynamical systems during last decades to understand the influence of a robust dynamic property (i.e. a property that holds for a system and all nearby ones) on the behavior of the tangent map of the system. For instance, Mañé [6] showed that if M is a compact manifold and a diffeomorphism f of M and all C 1 nearby ones are expansive then f is a quasiAnosov system; i.e., any nonzero vector grows exponentially in norm by forward or backward iterations of the tangent map. In this paper, we study the case when the homoclinic class H f (p) of f associated to a hyperbolic periodic point p is C 1 -stably expansive. Let us be more precise.
and d(f n (x), f n (y)) ≤ α for all n ∈ Z then x = y. Expansiveness is a property shared by a large class of dynamical systems exhibiting chaotic behavior.
It is well known that if p is a hyperbolic periodic point of f with period k then the sets W s (p) = {x ∈ M : f kn (x) → p as n → ∞} and
called a homoclinic point of f associated to p, and it is said to be a transversal homo- [8, 9, 12, 15, 16, 17] ) explore their "hyperbolic-like" properties, many of which hold only for generic diffeomorphisms.
Let q be a hyperbolic periodic point of f . We say that p and q are homoclinic related, and write p ∼ q if
By the Smale's transeverse homoclinic point theorem, H T f (p) coincides with the closure of the set of hyperbolic periodic points q of f such that p ∼ q. Note that if p is a hyperbolic periodic point of f then there is a neighborhood U of p and a C 1 -neighborhood U (f ) of f such that for any g ∈ U (f ) there exists a unique hyperbolic periodic point p g of g in U with the same period as p and index(p g ) = index(p).
Such that point p g is called the continuation of p = p f .
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We say that a homoclinic class H f (p) is uniformly C 1 -robustly expansive if there exist α > 0 and a
is expansive with an expansive constant α, where H g (p g ) is the homoclinic class of g associated to p g . Moreover, we say that a homoclinic class
The difference between the definitions above is that in the latter we do not require a uniform expansivity constant on H g (p g ) for g ∈ U (f ). Thus the robust expansiveness is a weaker notion than uniformly robust expansiveness. The same definitions can be applied to
is expansive with an expansive constant α, where
) is the tansversal homoclinic class of g associated to p g ( [8, 9] ). Analogously with the definition of C 1 -robustly expansive.
Recently it was proved in [9] (ii) g| Λ g is expansive for g ∈ U (f ),
Recall that a compact invariant set Λ is called hyperbolic for f if the tangent bundle T Λ M has a continuous Df -invariant splitting E⊕F and there exist constants
for all x ∈ Λ and n ≥ 0.
We say that f is Anosov if M is hyperbolic for f , and f is quasi-Anosov if for 
f -invariant closed subset Λ of M , we say that f | Λ has the shadowing property (or Λ is shadowable) if for every > 0, there is δ > 0 such that for any δ-pseudo-orbit
The point y is said to be -shadowed by {x i } b i=a . Notice that only δ-pseudo-orbits of f contained in Λ can be -shadowed, but the shadowing point y ∈ M is not necessary contained in Λ. It is easy to see that f | Λ has the shadowing property if and only if f n | Λ has the shadowing property for n ∈ Z − {0}.
For given x, y ∈ M , we write x y if for any δ > 0, there is a δ-pseudo-orbit
called the chain recurrent set of f and is denoted by R(f ). It is easy to see that the set is closed and f (R(f )) = R(f ). A nice property the chain recurrent set R(f ) holds is that it naturally decomposes into disjoint union of compact invariant sets.
Precisely, define a relation ∼ on R(f ) by x ∼ y if x y and y x. It is clear that ∼ is an equivalent relation on R(f ). The equivalence classes are called the chain components of f . These are compact invariant sets and can not be decomposed into two disjoint compact invariant sets and so serve as "elementary pieces" of the dynamical systems. Denote C f (p) the chain component of f that contains a hyperbolic periodic point of f .
) is shadowable for g, where p g is the continuation of p and C g (p g ) is the chain component of g containing p g . Recently,
Sakai [15] proved that if C f (p) is C 1 -stably shadowable and the C f (p)-germ of f is expansive, then C f (p) coincides with H f (p) and is hyperbolic. Moreover, Wen et al. [18] showed that the assumption of the C f (p)-germ expansivity of f can be dropped in the above result to show the hyperbolicity of the C 1 stably shadowable
We say that a closed f -invariant set Λ ⊂ M has the C 1 -stable shadowing property if Λ is locally maximal in a compact neighborhood U of Λ and there is a
property, where Λ g = ∩ n∈Z g n (U ). In If we denote the set of periodic points of f by P (f ), then
Here Ω(f ) is the set of non-wandering points of f . It is well known that the map 
